Detailed theory and experimental results are described for a semiconductor directional magnetic sensor which shows a very high sensitivity in one direction of a magnetic field but a negligibly small sensitivity in the other. This is based on the combination of the Hall effect and the magnetoresistive effect in a piece of high-mobility semiconductor. A theory of the geometrical effect on the characteristics has been developed for a rectangular 3-terminal element by using conformal transformations. Experimental results on the InSb sensor agree well with the theoretical results, and thus a design principle of the sensor is established. Semiconductor Hall-effect devices and magnetoresistive devices have been extensively developed for practical use. These devices are now widely used, not only for measuring a magnetic field, but also for transducing a wide variety of physical quantities such as current, electric or electromagnetic power, displacement and rotation into electrical signals. These solid-state sensors are particularly useful for real time, online measurements or control systems because of their compactness, high reliability, low power consumption, and ease in handling.
Introduction
Semiconductor Hall-effect devices and magnetoresistive devices have been extensively developed for practical use. These devices are now widely used, not only for measuring a magnetic field, but also for transducing a wide variety of physical quantities such as current, electric or electromagnetic power, displacement and rotation into electrical signals. These solid-state sensors are particularly useful for real time, online measurements or control systems because of their compactness, high reliability, low power consumption, and ease in handling. 1 A Hall device generates an output voltage proportional to the transversely applied magnetic field, while a magnetoresistive device produces a resistance increase corresponding to the absolute value of a magnetic field. Based on the fact that a voltage increase of a rectangular magnetoresistive element made of a high-mobility semiconductor is about equal to a Hall output voltage of the same semiconductor element at high magnetic fields, 6 it was demonstrated that a galvanomagnetic device with directional sensitivity could be obtained by combining the Hall effect and the magnetoresistive effect in an almost square piece of semiconductor. 4 ' 7 However, both effects depend on the geometry of the semiconductor. 6 - 8 Thus, the characteristics of this directional galvanomagnetic device should also depend on the geometry. This paper describes the strict and detailed theory of the semiconductor directional sensor by using conformal transformations, in particular to investigate the geometrical effect. More experimental results are also introduced in comparison with the theoretical results. It is shown that the theory explains the experimental results well, and a design principle of this device is thus established.
Fundamental structures and principle
Two types of fundamental structure of directional magnetic sensors are shown in Fig. 1 . To obtain an appreciable magnetoresistive effect, the semiconductor material must have a high electron mobility. InSb is one of the preferable semiconductors, and thus throughout this paper InSb is treated. Fig. \a shows a fundamental structure of a 4-terminal device in which a rectangular semiconductor piece has the input-current electrodes a and b at both ends, and an ohmic metal boundary e at the middle of the piece to give rise to a magnetoresistive effect. Two output electrodes c and d are attached to the element to pick up the Hall voltage and the magnetoresistive voltage generated, i.e. one at the middle of the right-hand side of the upper half, the other at the middle of the left-hand side of the lower half," as illustrated or vice versa. For a simple theoretical treatment, the length of the semiconductor part of the upper and lower halves of the element are made equal and denoted by /, the whole width is denoted by w and the thickness by t. The input-current electrodes are assumed to cover the whole width with a perfect ohmic nature and the output electrodes are assumed to be of negligibly small size. With this element, an output voltage V m (where the subscript D stands for directional and the 4 for 4-terminal) across the output electrodes for an input current /," under a transverse magnetic field B should be the sum of the Hall voltage V H and the magnetoresistive voltage V M , and therefore, as illustrated in Fig. lc, should show a directional characteristic with respect to the magnetic flux density B.
This 4-terminal element can be considered to be a combination of a 3-terminal element as shown in Fig. \b, because Fig. \b , the output voltage can be exactly half the output voltage of the 4-terminal element as shown by V D n in Fig. lc , because the 4-terminal element is a combination of two symmetrical 3-terminal elements. Therefore, a fundamental theory is developed for this 3-terminal element and extended to the 4-terminal one. Experiments were carried out for both elements to confirm the theory. Electrical properties of semiconductor material are assumed to be uniform throughout an element. Let us express the rectangular element with ohmic metal electrodes at the two ends on a complex plane as shown in Fig. 2a 
where C is a constant, F(arcsin f, k) is the first kind elliptic integral, tivity at B and R H the Hall coefficient of the semiconductor.
Application of conformal transformation
By solving the Laplace equation under the above conditions, distributions of the electric field within the semiconductor can be obtained. Since the Hall angle must hold everywhere, the conformal transformation is a useful means to obtain it. The rectangular element can be transformed to a parallelogram to make a Hall angle between the side and the vertical axis in the complex plane W, as shown in Fig. 2b where the real axis represents an electric line of force and the imaginary axis an equipotential line. This parallelogram is again transformed into a complex plane f as shown in Fig. 2c by the Schwartz-Christoffel's transformation. 8 ' 9 Thus, the points Z 3 and Z 4 can be transferred to W x and W 4 , respectively, on the W plane, and again to f i and f 4 , respectively, on.the real axis in the f plane.
Let us make f, (1, 0), f 2 (1/A:, 0), f 3 (-1/*, 0), f 4 (-1,0), then the following relation is obtained: = C7tF(arcsin f, k) (4) where C is a constant, F(arcsin f, k) is the first kind elliptic integral, a n d 0 < * < l .
By putting Z, ->fi,Z,
is obtained, where
is a complete elliptic integral of the first kind, and k' = \/l -k 1 . One of the output electrodes of the element represented by Z s (w/2, iy) is thus transferred to f s (l/p, 0) on the f plane with the following relationship:
where 0<k <p < 1. The transformation of the IV plane to the f plane is given according to the Schwartz-Christoffel's transformation by where C is a constant and (8) eing an analytical function of f.
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The real part of W(f) represents an electric line of force, and the imaginary part a potential, both being conjugate to each other. Therefore, the absolute value of eqn. 7 gives the strength of an electric field as (9)
General expression of output voltage
The output voltage of the 3-terminal element V D3 is a potential difference between Z s and Z x , given by integrating the electric field from ^ to f s along the real axis as
The value of the input current to the element /," is also obtained by integrating the normal component of the current-density vector along the input electrode from f 4 to f i, and then by multiplying by the thickness t as cos 6d$
The current density is given by
From eqns. 8-12, the output voltage of a 3-terminal element is thus given by
For the integral of the numerator, we put and for the integral of the denominator, we put
with X' = -1/X for the first term and X' = -X for the second term. Furthermore, by using exp(-2x) = X for the numerator and exp (-2x) = X' for the denominator, V D3 is obtained as
General characteristics

Output voltage against Hall angle
We shall analyse a 3-terminal element with an output electrode at the middle of the_right-hand side;^ = 1/2, for simplicity. In this case, we obtainp =\/k and q = 0. By substituting these values into eqns. 5 and 6, and using the relation 
Referring to the published results, 8 this is consistent with the basic principle described in Section 1. Output voltages calculated by eqn. 14 and normalised by l m jta B are shown in Fig. 3 for various values of l/w. The directional characteristics are clearly seen, as the polarity of tan 6 depends only on the direction of a magnetic field.
For a high magnetic field (tan 6 » 1), and for a geometry of 0 -5 < / / w < 2 , the output voltage is approximately given by the following relatively simple equation:
Normalising to a unit value of the output voltage for zero magnetic field (0 = 0), further approximations can be made as
and k, a modulus of K(k), is a parameter to give a geometrical effect depending on l/w, 8 and p a parameter to give a geometrical effect depending on y/l, as given by eqns. 5 and 6, respectively.
Eqn. 14 is a general expression for the relationship between the input current /," and the output voltage V D3 of a 3-terminal directional magnetic sensor. Only the numerator in eqn. 14 depends on the sign of Hall angle 0, and thus it is understood that the output voltage also depends on the sign of the Hall angle 0, leading to the directional characteristics. This fundamental nature does not change for a 4-terminal device, because the output voltage can be obtained by just combining eqn. 14. Generally speaking, for most semiconductors, dependence of conductivity on a magnetic field is rather small; o Q /a B is less than 2 at 10kG.
1 Therefore, it is understood that the output voltage increases in linear proportion to the value of tan 0 for 0 > 0, and keeps almost constant for 0 < 0. This again provides a good representation of the directional characteristics against the direction of a magnetic field.
Directionality figure of merit
By using eqn. 14 this is given by (l+k)
This is a general and strict expression for both 3-terminal and 4-terminal elements.
To investigate the dependence on the geometry and on the 
Calculated characteristics of InSb elements
It is disclosed in the above process that the Hall angle is the fundamental and important parameter to characterise the behaviour of this sensor. It is well known that the Hall angle is proportional to the carrier mobility and that /?-type InSb is a material which has the highest electron mobility at room temperature. For this reason, we shall make numerical calculations for an n-type InSb.
For an intrinsic material, the Hall angle is given by 
where ii n and ix p are the mobilities of electrons and holes. Let us assume that the electron mobility n n = 73 000 cm 2 /Vs, the hole mobility n p = 750cm 2 /Vs and the geometry of element y = 1/2. Calculated output voltages, and the ones normalised by an output voltage at B = 0, and the figure of merit are shown by solid curves in Figs. 6, 7 and 8 with a parameter of l/w or magnetic flux density B, respectively. In these Figures, for convenience, the direction of a magnetic flux density which gives the larger output voltage is taken as positive. These theoretically calculated values show a good agreement with the experimental values as described below.
| t a n e | 
Experiments
Experiments were conducted with elements having a structure as shown by the insert in Fig. 6 . The elements were made from a high-purity single crystal of «-type InSb having a resistivity of 00045ncm, an electron Hall mobility 73000cm 2 /Vs, and a Hall coefficient of 330 cm 3 /C. A wafer of thickness 60jum was prepared by lapping and chemical etching, and rectangulaV elements of various geometries, with lengths ranging from 4-2 to 10:1 mm and widths ranging from 2-4 to 3-5 mm, were cut from the same wafer. Input and output electrodes were attached by lead -tin soldering, showing good ohmic contact. No rectifier action was observed at any electrode.
Accuracy in position of the output Hall electrode is kept less than 01 mm, and the actual size of it is about 0-2 mm. Measured voltage differences between various electrodes for a geometry of l/w = 113 are plotted against magnetic flux density in Fig. 6 , where the theoretically calculated corresponding values are also shown by solid curves. The positive direction of magnetic field is also shown in the insert. It should be noted that fairly good agreement is obtained between experimental and calculated results. It is also seen that the output voltage of the 4-terminal element across terminals c and d is' twice the output voltage of the 3-terminal element across terminals c and e, and just equal to the sum of the Hall voltage across terminals d and d' and the magnetoresistive voltage across terminals c and d'. In Fig. 7 , both experimental and calculated normalised output voltages are shown against magnetic flux density for various geometries, giving good agreement between them. In Fig. 8 , experimentally obtained figures of merit are plotted for various geometries, and magnetic flux densities are plotted together with the theoretical values (solid curves). Some quantitative deviations are observed, though fair agreement is still seen in general qualitative characteristics.
Discussion
In general, it can be said that the results of the theoretical analysis are well verified by the experimental results. However, in Figs. 6 and 7, experimentally observed output voltages are either slightly larger or slightly smaller than the theoretical ones for negative and positive directions of magnetic field, respectively. Two possible reasons can be considered. The first is the possibility of a slight deviation in the position of the output electrode of the experimental sample from exactly the centre of the right-hand side between the two end electrodes, (say by about 0-1 mm as described in Section 4) The second is the fact that the centre output electrode has a finite size of about 0-2 mm also as described in Section 4, while in the theory it is assumed to be an infinitely small ideal point. In both cases, the Hall voltage should .tend to be reduced in the ideal case, while no appreciable effect can be expected on the magnetoresistive voltage, leading to an increase and decrease of the output voltage for positive and negative direction of magnetic field, respectively. Therefore, a slight deviation of position and the finite size of the centre output electrode can be the reason for the slight difference in the output voltages in Figs. 6 and 7. These slight differences further cause the rather large differences between experiment and theory in Fig. 8 , since the figure of merit is given by the ratio of the output voltages for respective direction of a magnetic field. In this paper, the temperature dependence of the characteristics is not treated at all. However, since the principle is based on the combination of the Hall effect and the magnetoresistive effect in the semiconductor, it is expected that the temperature dependence of this sensor will be of the same order of the Hall and magnetoresistive devices made of the same semiconductor material. This will be a subject for future investigations.
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Conclusions
A theory of the directional magnetic sensor, which utilises the Hall effect and the magnetoresistive effect, is developed for a A The authors claim to have developed a general formula, hitherto unavailable, for the design of an end-launcher-type transition from a coaxial line to a rectangular, as well as a circular, waveguide terminated in any arbitrary impedance. This is not true. Design information for a wideband waveguide end-launcher type coaxial/waveguide transition has been available for a long time (Reference B and References therein). However, the electromagnetic problem associated with such a structure being not amenable to a rigorous boundary-value solution, resort to some sort of a trial and error design procedure is absolutely necessary. The authors' present method of design is also based on trial and error. But they are presenting a formula from which they claim an accurate value of Li can be obtained. This is also not true. As explained below, the authors, applying Harrington's development 0 for a side-launcher type coaxial/waveguide transition blindly in the end-launcher type transition case, obtained a formula which has no proper theoretical basis. The authors themselves have shown that this formula fails to predict even the starting dimension in the design of the coaxial/ circular waveguide transition.
Theoretical and experimental characteristics of 4-terminal devices with various geometries
In Fig. 1 of the paper it is seen that in the waveguide region BCE, because of the presence of the inner second conductor, the TEMmode is present which has no cut-off frequency. This mode after being reflected at z = 0 and travelling in the -z direction in the waveguide contributes to the resistive part of the input impedance seen at z = 0, in eqn. 2. Because of the fact that the TEM-mode in the coaxial line is exciting the waveguide, its presence in section BCE cannot be neglected with respect to the converted dominant waveguide mode (TE 10 -mode in the rectangular waveguide or the TE nmode in the circular waveguide, as the case may be). In network terminology, this means that the transition here is a balun. Therefore, the authors'assertion: 'However, only the dominant mode contributes to the resistive part of the input impedance and the other modes, being evanescent, to the reactance' is without foundation. Consequently, eqn. 3 and eqn. 5 cannot be used to describe adequately the input impedance.
The end wall of the waveguide at z = -L x is the place through which the coaxial line feeds the waveguide and the junction area is not small (not less than 20%) compared with the waveguide crosssection. For a -z-directed dominant waveguide mode, this junction presents an impedance the resistive part of which is, by ordinary inspection, no less than 50 SI and cannot be replaced by a short-circuit (thus short-circuiting the feed itself). Eqn. 10 is therefore not justified and the above discussion shows that eqns. 13 and 16 have no proper theoretical foundation.
In Section 4.2 of Paper 7738E, the authors solve eqn. 16 to determine L\, assuming X = 3-2cm corresponding to a design frequency of 9-375 GHz. Fig. 3 shows that the authors obtained the minimum v.s.w.r. at approximately 9-727 GHz, whereas the v.s.w.r. at the design frequency of 9-375 GHz is infinite! This shows that eqn. 16 failed to design the transition at the appropriate centre frequency as desired. Further, because the circular waveguide TMoi-mode has no circumferential electric field component, it is not convincing how this mode could be excited so as to limit severely the bandwidth. It must be 146 0020-3270/79/020149 + 02 $01-50/0 noted here that the operating centre frequency in this design is 9-375 GHz, corresponding to X = 3-2 and not 9-725 GHz.
In fact, the authors have here an impedance transformer (also a balun) with an impedance ratio of 1:10 involving a 50 ft coaxial line and a waveguide. There is no matching structure to effect a gradual transition in the impedance level so that the available bandwidth could be optimised. We thank Mr. Bondyopadhyay for his interest in our paper. The following replies will answer the queries raised in the correspondence. Dix B established a theoretical design procedure for a transition with a mixed four-section impedance transformer consisting of two ridged steps within the waveguide, one TEM section in coaxial line and a hybrid section where the coaxial line's centre conductor extends into the guide. It was thus evident that a design formula for a transition consisting of an L-shaped loop was not available, and this was the structure for which an analysis was carried out by the authors. A It will be appreciated that the physics of the problem is basically as follows.
Power flowing down the coaxial line of a properly designed transition goes on smoothly from the coaxial line to the waveguide. Looked at from this angle, the coaxial line terminates in a resistive impedance, when the reactance is cancelled. The intrinsic subject matter of the paper was to pinpoint and analyse the electromagnetic interaction taking place in the transition region producing the above effect. It is stressed that in the region BCE of Fig. 1 , there will be many modes of which the major contributors are the TEM-mode and dominant waveguide mode. Because the nature of the current distribution can be calculated only from the solution of an integral equation, a simplified attempt was made in the paper by assuming the current distribution to be due to the TEM-mode standing-wave current. It will thus be seen that, far from neglecting the presence of the TEM-mode in the section BCE, as was understood by the correspondent, the TEM-mode current distribution has been taken as the starting point in the analysis. The interaction of the TEM-mode current distribution with the dominant-waveguide mode results in the transfer of power from the coaxial line to the waveguide.
To calculate both the resistive and reactive parts of the input impedance, the self reaction of the current in both radial and longitudinal arms should be considered. The self reaction of the current in the longitudinal arm contributes to the reactance only. On the other hand, the current in the radial arm contributes to the resistive part of the input impedance. Thus, there is no error in the analysis as far as the resistive part of the input impedance is concerned.
Taking the effect of the opening at the junction into account, it has been shown that D self reaction of the current in the probe '"
(input current) 2 
